NUMERICAL INVARIANTS OF HOMOTOPIES INTO SPHERES JERROLD SIEGEL AND FRANK WILLIAMS
A classical problem in the calculus of variations may be expressed: Given two points in the same component of a Riemannian manifold A/, what is the length of the shortest path connecting them? In this paper we discuss parametric analogs to this problem. The width of a homotopy is the supremum of the lengths of the paths traced by the points of X. Work of Allan Calder and the first author on the topology of Stone-Cech compactif ications led to the study of the question: Given a space X and two homotopic maps f,g: X -»• M, what is the width of the shortest homotopy between them! In this paper we obtain bounds b q (M) that depend only on the dimension q of X for the answer to this question in case M is a sphere or a projective space (with the standard metric). We also introduce a related sequence of invariants B q (M) and compute these numbers for spheres and projective spaces. Of particular interest is the fact that b 2n -2 (S n ) detects elements of Hopf invariant one while B 2n -2(S") does not.
One may regard this question as a parametric variational problem with parameters in the space X, or, equivalently, as a brachistochrone problem in the appropriately metrized function space M x . Of course in general the answer to the parametric problem may be infinity: If X = R and M -S\ the complex numbers of unit norm, then the exponential map exp(ί) = e 2niΐ is homotopic to the constant map, but not by a homotopy of finite width. However it was proved in [2] 
that S ι is the exceptional case: If X is a finite-dimensional normal space and M is a compact Riemannian manifold with π } (M) finite, then any two homotopic maps f and g are connected by a homotopy of finite width.
Of more interest is the fact that these widths are bounded with respect to the dimension of X. In the classical problem above, if M is compact then there is a bound b o (M) such that any two points in the same component are connected by a path of length <6 0 (M). (Simply take b o (M) to be the greatest of the diameters of the components of M under the Riemannian distance.) The main theorem of [3] extended this result to homotopies: If q> § is an integer and π^M) is finite, then there exists a bound b q {M) such that any two homotopic maps f, g: X -» M, dim(M) < q y are homotopic via a homotopy of width < b q (M).
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Consequently there is a sequence of invariants of M defined by letting b q (M) = infimum of such b q {M). (Clearly this b o (M) coincides with the one defined above.) It was also shown in [3] that if dim(Λf) > 0 then lim^^ b q (M) = oo, so that these invariants are non-trivial.
As a first step toward understanding these numbers, we began to calculate the b q (S n ) , where S n is the standard unit sphere, n>2. By a simplicial approximation argument one sees that b q (S n ) -π for 0 < q < «, and some elementary algebraic topology shows that b n (S n ) >: 2τr, [3] . In [4] we computed all of the b q (S n ) with one exception (see Theorem 1.2 below). These numbers follow a somewhat regular pattern with exceptions when q -n -1 and when q = In -2 and n = 2, 4, or 8.
In the present paper we obtain a better understanding of these invariants by introducing a new and independently interesting sequence of numbers B q (M) that do follow a regular pattern. B q (M) is the infimum of the numbers B q (M) such that any H: X X / -> M, dim( X) < q, can be deformed keeping the endmaps fixed into one of width less than B q (M) . The proof in [3] 
Since the numbers B q (S n ) are easy to compute and describe (see Table I 
Further support for this conjecture comes through calculation of B q (P n ) and b q (P n ) for P n a real, complex, or quaternionic projective. We include in §4 a computation of B q (CP n ) and b q (CP n ) as a further example of our methods. The results appear in Table II . II 1. Definitions and statement of results. Throughout this paper the domain space X will be a finite-dimensional polyhedron. By standard " bridge" techniques [9] our results will also hold if X is a finite-dimensional normal space. For maps/, g: X -* M and a homotopy // from/to g, we consider the two extended real numbers:
The subjects of this paper are the following sequences:
, let dist(x, x') be the length of a minimum geodesic from x to x r . For the numbers b (S n ), n > 2, we have the following result.
1.2. THEOREM [4] . If(n,q) is a pair of integers such that n > 2, g >: 0, and(n, q) is not (2, 2) , (4, 6) , #r (8, 14) , then
In §3 we shall show that:
The numbers B q (S n ) are relatively easy to compute. The following theorem will be proved in §2.
THEOREM. If n,q, and k are integers such that n >
We shall use the following kind of approximate fibration in the sequel:
1.5. DEFINITION. Let (M, d) be a metric space. A map p: E -» M has the approximate covering homotopy property through dimension k, XCHP(fc), provided that if X is a normal space of dimension < k, and G: XX I -» M and g: X -> E are such that pg(x) = G(x ? 0), then for any ε > 0 there exists H: X X / -> E such that //(*, 0) = g(x) and d{pH(x, /), G(x, /)) < ε for all (x, t) <Ξ XX I.
Let E F= {σ: /-> 5": σ is piecewise C 00 with constant speed}. We topologize £ as in [8, p. 88 ]. For 0 < c < oo we define E c = (σ E £": |σ|< c} and let/> c : £ c -» 5" X S n be given by/> c (σ) = (σ(0), σ(l)).
1.6. THEOREM [4, 1.4] . // k > 0 w ΛΛ m^ger α«J c> km then p c :
Proof of 1.4.
The following theorem will be used in this section to obtain the upper bounds for B g (S n ) and in §3 to compute b u (S s ). Proof. Choose δ, T > 0 such that p < π and 8 + 2p < ε. Define G: XXI-*S"XS" by G(x 9 t) = (H(x 9 0) 9 H(x 9 t)). Let g: X-^^+ δ be given by g(x) = C[//(x,0)], the constant path at 7f(jc,0). By 1.6 there exists G: X X / -> E^+g such that G(x, 0) = g(x) and dist[(//(x,0), /ί(x, r)), pG(x, t)] < p. Since p < TΓ, any two points j, ^r E S" such that dist(7, y') < p may be joined by a unique minimal geodesic m(y, y'). Thus we may define G: X X I X I ^ S n by the formula
THEOREM. Let X be a complex of dimension less than k(n -
G(x,t)[3s-1],
m(
Note that for each (x 9 t) EIX/, ^(x,o ^s a piecewise C°° path from , 0) to H(x, t) of length less than kπ + 8 + 2p, which is less than kπ + ε. Let G be G reparametrized so as to have constant speed in the s parameter for each (x, t) E X X /.
We define H(x, s) to be G(x, 1, s). A homotopy K from H to H is given by { -0 , 0 , έ^r<l.
It is immediate that AT stays fixed on Jf X (0,1}. D
If we denote the dimension of X by q, we see that a consequence of 2.1 is that q < k(n -1) implies B q (S n ) < A TΓ. The proof of 1. ) > £τr. Although we could dispose of the remaining numbers on a case-by-case basis, the following theorem gives us an easy proof of the desired inequality for all values of q and n at once, independent of any appeal to 1.2.
Proof. Let (S"~]) r denote the rth James reduced product space of S n~\ [6] , and let E λ (p, q) be the subspace of E λ consisting of paths from p to q, for/?, q E 5". Let k be odd. In [4, 1.5] we noted that if λ < kπ then -p) be any map that is essential on homology in dimension (k -l)(n -1). We consider ij as a homotopy between the constant maps of X to p and -/?, respectively. If λ = W(η) < kπ, then r/ would factor up to homotopy through E λ (p,-p) 
If /: is even we apply a similar argument to E λ (p, p) . D
The Cayley bundle.
In this section we show that b l4 (S s ) = 2π. Our proof involves a detailed study of the geometry of the Hopf-Cayley bundle. In fact our method also works for the Hopf complex and quaternionic bundles. Φ -G(y, 1) . Thus by dimensionality we may deform G to G so that G = G on S 13 X /, dist(G(jc, /), G(x, /)) < ε/4 for all(x, /) G i) 14 X {0,1} and G(x 9 O) Φ -G(x 9 1) for all x. Let 0 < s 0 < 1 be small enough so that (a) dist (G(sΛy, /) , G(l Λ >;, /)) < ε/4; y G S 13 , s 0 < 5 < 1, i = 0,1, Note that G = G on S 13 X / and dist(G(x, /), G(x 9 /)) < ε/2 for x E Z) 14 , / = 0,1. Moreover if 0 < 5 < 5 0 , then Set F = hG. Since the dilatation of h is 2, \F\<2π and Proof. LetF:XXI-+ S s be a homotopy of /to/' and let 0 < ε, < ε/8.
If we let X (]3)
denote the 13-skeleton of X, we may apply 3.1 to obtain F: X {13) X / -* iS 8 such that i 7 is piecewise C 00 of constant speed, of width less than 2ττ + ε,, and homotopic to F(rel Jί (13) X (0,1}). We now use the homotopy extension property to extend F to a homotopy from/to/'. We define G: X°3 ) X / -> S 8 by
Observe that | G|< 2π -ε, < 2ττ and dist(G(x, 1), / r (x)) < ε/4. By a patching process similar to that used in the proof of 3.7 we extend G to ATX/ such that G(JC,0) =/(*) and dist(g(;c, 1), /'(*)) < ε/4 for all We next apply 3.7 to G on the individual 14-cells of X, using ε/4 in place of ε. Since 3.7 leaves G unchanged on the boundary of each 14-cell, the resulting homotopy G: X X / -* S 8 is such that G = GonI (13) X/, I G |< 2ττ, and dist(G(x, /)) < ε/4, for all x E X and i = 0,1.
If we compose G with the minimal geodesies on each end from/(x) to G(JC, 0) and from G(x, 1) to g(x), as in the proof of 3.1, we obtain a homotopy G from/to/' such that | G|< 2τr + 3ε/4 < 2ττ + ε. D Since 1.2 tells us that fe, 4 ( S 8 ) >: 2ττ, the proof of 1.3 is accomplished.
4. Projective spaces. In this section we shall compute the invariants for complex projective spaces (with the metric induced from the Hopf map S 2n+1 -> CP n ). We shall proceed as for spheres, in that we shall calculate upper and lower bounds for B q (CP n ) and lower bounds for b q (CP n ). When these do not coincide we shall use special arguments.
The geodesic structure of CP n is well known, see e.g. [7] . Let E be the space of piecewise C°° paths of constant speed and E -» CP n X CP n be the projection, as in the paragraph preceding 1.6 
for some m < 2kn -1. Thus, as in 2.2, we have:
Moving to upper bounds on B q (CP n ), we have from Morse theory:
for some m >: 2A:«.
Thus in these cases, as in [4, 1.4] , E λ -* CP n X CP n has the XCHP(m) for the appropriate m. Hence:
Combining 4.1 and 4.3, we obtain the values for B q (CP n ) listed in Table II .
The lower bounds for b q (CP n ) are somewhat more complicated. We content ourselves here by referring to [4, pp. 27-289] , since the method of computation used there applies in our present situation. The results here are somewhat simpler since for all «, the Hurewicz morphism m r (ΏCP n ) -> H r (ΩCP n The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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